In this paper, we generalize all the results obtained on para-Kähler Lie algebras in [4] to para-Kähler Lie algebroids. In particular, we study exact para-Kähler Lie algebroids as a generalization of exact para-Kähler Lie algebras. This study leads to a natural generalization of pseudo-Hessian manifolds. Generalized pseudo-Hessian manifolds have many similarities with Poisson manifolds. We explore these similarities which, among others, leads to a powerful machinery to build examples of non trivial pseudo-Hessian structures. Namely, we will show that given a finite dimensional commutative and associative algebra (A, .), the orbits of the action Φ of (A, +) on A * given by Φ(a, µ) = exp(L * a )(µ) are pseudo-Hessian manifolds, where L a (b) = a.b. We illustrate this result by considering many examples of associative commutative algebras an show that the pseudo-Hessian manifolds obtained are very interesting.
Introduction

Recall that a Lie algebroid is a vector bundle
Lie algebroids are now a central notion in differential geometry and constitute an active domain of research. They have many applications in various part of mathematics and physics (see for instance [7, 8, 9, 15] ). It is a wellestablished fact that many classical geometrical structures involving the tangent bundle of a manifold (which has a natural structure of Lie algebroid) can be generalized to the context of Lie algebroids. Thus the notions of connections on Lie algebroids, symplectic Lie algebroids, pseudo-Riemannian Lie algebroids and so on are now usual notions in differential geometry with many applications in physics (see for instance [5, 11] ). On the other hand, it is important to point out that Lie algebroids generalize also Lie algebras and, for instance, if one obtains a result on the curvature of pseudo-Riemannian Lie algebroids this result holds for the curvature of pseudo-Euclidean Lie algebras and hence for the curvature of left invariant pseudo-Riemannian metrics on Lie groups. In this paper, we study para-Kähler Lie algebroids as a generalization of both para-Kähler manifolds and left invariant para-Kähler structures on Lie groups. A para-Kähler structure on a manifold M is a pair (g, K) where g is a pseudo-Riemannian metric and K is a parallel (with respect to the Levi-Civita connection of g) skew-symmetric endomorphism field satisfying K 2 = Id T M . The paper [10] contains a survey on para-Kähler geometry and contains many references. When the manifold is a Lie group G, the metric and the para-complex structure are considered left-invariant, they are both determined by their restrictions to the Lie algebra g of G. In a such situation, (g, g e , K e ) is called para-Kähler Lie algebra. A para-Kähler Lie algebroid is a Lie algebroid (A, M, ρ) together with a pseudoEuclidean product , on A and a bundle isomorphism K : A −→ A such that K 2 = Id A , K is skew-symmetric with respect to , and ∇K = 0 where ∇ is the Levi-Civita connection associated to , and given by the formula The authors realized a complete study of para-Kähler Lie algebras in [4] and, our first motivation at the origin of the present paper, was to generalize the result obtained in this study to the context of para-Kähler Lie algebroids. This has been done successfully and constitutes the first part of this paper. The generalization was not straightforward and many new phenomenas appeared due to the anchor. Moreover, as it happens always in mathematics, during our investigations when studying a special class of para-Kähler Lie algebroids, we came across a new structure which turned out to be a natural generalization of the notion of pseudo-Hessian manifolds. This new notion and some of its remarkable properties constitute the second part of this paper. Recall that a pseudo-Hessian manifold is a locally affine manifold (M, D) endowed with a pseudo-Riemannian metric such that g is locally given by Ddφ where φ is a function. This is equivalent to S = Dg is totally symmetric. Pseudo-Hessian geometry is an active domain of research which has many applications in economic theory, in system modeling and optimization as well as in statistical theory. One can consult [1, 18] to find out more about this geometry and its origins. To summarize, in this paper, we generalize all the results obtained in [4] to para-Kähler Lie algebroids, and we introduce a natural generalization of pseudo-Hessian manifolds, we them call generalized pseudo-Hessian manifolds. Let us give briefly the definition of this structure and some of its striking properties. A 
generalized pseudo-Hessian manifold is triple (M, D, h) where (M, D) is a locally affine manifold and h is a symmetric bivector field such that the tensor T ∈ Γ(⊗ 3 T M) given by T (α, β, γ) = D h # (α) h(β, γ) is totally symmetric, where h # : T * M −→ T M is given by β(h # (α)) = h(α, β). When h is invertible and of constant signature (for instance when M is connected), (M,
) is a Lie algebroid and D is a torsionless flat connection for this Lie algebroid. Moreover, for any x ∈ M, A x = ker h # (x) carries a natural structure of commutative associative algebra. On the other hand, let (A, .) be a commutative associative algebra (A, .). Denote by D the canonical affine connection on A * and define the symmetric bivector field h on A * by
) is a generalized pseudo-Hessian manifolds and the leaves of the foliation associated to Imh # are the orbits of the action Φ of (A,
. Thus the orbits of Φ are pseudo-Hessian manifolds. This give powerful machinery to build examples of pseudo-Hessian structures. We will show that the pseudo-Hessian structure of these orbits is not trivial since their Hessian curvature is not zero. We illustrate this result by considering many examples of associative commutative algebras an show that the pseudo-Hessian structures obtained on the orbits of Φ are very interesting.
We give now the organization of this paper. In Section 2, we recall some basic fact about Lie algebroids and connections on Lie algebroids. A Lie algebroid with a torsionless and flat connection was called left symmetric algebroid in [3] . These algebroids play a central role in the study of para-kähler Lie algebroids. We adopt the terminology of left symmetric algebroids as in [3] and we give some of their geometrical properties we will use later. In Section 3, we start the study of para-Kähler Lie algebroids and the main result here is Theorem 3.1 which states that a para-Kähler Lie algebroids is obtained from two left symmetric algebroids on two dual vector bundles compatible in some sense. In Section 4 and 5, we study exact para-Kähler Lie algebroids and the related notions of S-matrices and quasi-S-matrices on a left symmetric algebroid. If (M, D) is an affine manifold then (T M, M, D) becomes a left symmetric algebroid and a symmetric S-matrix on (T M, M, D) defines a generalized pseudo-Hessian structure on (M, D). Section 6 is devoted to the study of this new structure. In Section 7, we study linear pseudo-Hessian manifolds and we give many examples.
Notations: Let A −→ M be a vector bundle and F : A −→ A a bundle endomorphism. We denote by Γ(A) the space of its sections and by F * : A * −→ A * the dual endomorphism. For any X ∈ A x and α ∈ A * x , we denote α(X) by ≺ α, X ≻. The phase space of A is the vector bundle Φ(A) := A ⊕ A * endowed with the two nondegenerate bilinear forms , 0 and Ω 0 given by
which is nondegenerate. We denote by ♭ : A −→ A * the bundle isomorphism given by ♭(v) = ω(v, .).
Lie algebroids, connections, Levi-Civita connections, left symmetric algebroids and symplectic Lie algebroids
Through this paper, we will use some well-known basic notions, namely, anchored bundles, Lie algebroids, connections on Lie algebroids and symplectic Lie algebroids. In this section, we recall the definitions of these notions, we give some of their properties and some basic examples. For more details one can consult [8, 10, 15] . We introduce also left symmetric algebroids generalizing left symmetric algebras. They are Lie algebroids which will play a central role in the study of para-Kähler Lie algebroids. 
By using a classical argument, we can deduce from this relation that [ , ] A is local in the sense that if a section a vanishes on an open set U then for any
A is R-bilinear, skew-symmetric and, for any f ∈ C ∞ (M), 
These two relations show that there is a correspondence between Lie algebroids structure on (A, M) and differentials on Γ(∧A * ). 
By using (ii) of Proposition 2.1, it is easy to check that (A, M, ρ, [ , ] A ) is a Lie algebroid.
Connections on Lie algebroids. Given a Lie algebroid (
for any a ∈ Γ(A), s ∈ Γ(E) and f ∈ C ∞ (M). We shall call A-connections on the vector bundle A −→ M linear A-connections. The curvature of an A-connection ∇ on E is formally identical to the usual definition
for any a ∈ Γ(A), s ∈ Γ(E), α ∈ Γ(E * ). There is a notion of parallel transport associated to an A-connection ∇ on q :
where
The canonical connection on the adjoint bundle. Let (A, M, ρ, [ , ] A ) be a Lie algebroid such that ρ has a constant rank over M. Then the adjoint bundle g = ker ρ −→ M is a vector bundle of Lie algebras. Define
This defines a A-connection on g satisfying, for any a, b ∈ Γ(A),
for any a ∈ Γ(A) and s 1 , s 2 ∈ Γ(g). 
defines a linear A-connection which is characterized by the two following properties:
We call ∇ the Levi-Civita A-connection associated to , . Moreover, , and ρ define a symmetric bivector field
where # : A * −→ A is the isomorphism associated to , . The following relations are easy to check:
These relations show that h x is nondegenerate if and only if g x is , -nondegenerate and ρ x is onto.
Symplectic Lie algebroids. A symplectic form on a Lie algebroid (
is a Poisson tensor. Moreover, 
* is a morphism of Lie algebroids. Finally, it is easy to check that π is given by (8) .
A , ω) be a symplectic Lie algebroid, as in the case of a pseudo-Riemannian Lie algebroid, we have g
where g ω x is the orthogonal of g x with respect to ω. These relations show that π x is invertible if and only if g x is ω-nondegenerate and ρ x is onto.
Left symmetric algebroids.
To T we associate the anchored bracket
The curvature R T satisfies, for any a, b, c ∈ Γ(A),
and the Bianchi's identity
From theses relations we deduce that R T is local and T is called Lie-admissible if [ , ] T induces a Lie algebroid structure on (A, M, ρ). The following proposition follows easily from Proposition 2.1 and (12).
Proposition 2.3. Let (A, M, ρ) be an anchored bundle and T a right-anchored product on Γ(A). Then T is Lieadmissible if and only for any x ∈ M there exists an open set U of M containing x and a basis of sections
The following proposition is a consequence of (11). 
Proposition 2.4. Let (A, M, ρ) is an anchored bundle and T is a right-anchored product on Γ(A)
.) over U such that R T (a i , a j )a k = 0 and τ [ , ] T (a i , a j ) = 0, 1 ≤ i < j ≤ r, 1 ≤ k ≤ r.
Definition 2.2. A left symmetric algebroid is an anchored bundle (A, M, ρ) together with a right-anchored product T satisfying (i) or (ii) of Proposition 2.4.
It is obvious that if (
By using (ii) of Proposition 2.4, it is easy to check that (A, M, ρ, T ) is a left symmetric algebroid.
be an action of a finite-dimensional real Lie algebra g on a smooth manifold M, i.e., a morphism of Lie algebras from g to the Lie algebra of vector fields on M. Let r ∈ ∧ 2 g be a solution of the classical YangBaxter equation, i.e., [r, r] = 0,
and r : g * −→ g denotes also the linear map given by α(r(β)) = r(α, β). We denote by π r the Poisson tensor on M image of r by Γ.
. It was proved in [6] that D r is Lie-admissible and left symmetric. Proof. Denote by q the rank of ρ at m. According to the local splitting theorem near a regular point (see [10] 
We thank of the y i as parameters and we consider α :
.
Thus (13) is equivalent to
According to a well-known theorem (see [19] pp.187) these system of differential equations has solutions if
Or, one can check easily by using that T [a i ,a j ] = 0 that this condition is equivalent to the vanishing of the curvature.
Para-Kähler Lie algebroids
In this section, we give the definition of a para-Kähler Lie algebroid, its basic properties, a characterization of a such structure and some examples.
Definition of para-Kähler Lie algebroid and its immediate consequences
for any a, b ∈ Γ(A). The following proposition is a generalization of a well-known fact in differential geometry (see Proposition 4.2 pp. 148 [14] ). Proof. We have, for any a, b, c ∈ Γ(A), K(∇ a b) . These relations show that (ii) implies (i). Moreover, K is skew-symmetric and hence
and the proposition follows. 
The following proposition is the first important property of para-Kähler Lie algebroids.
Proposition 3.3. Let (A, M, ρ, , , K) be a para-Kähler Lie algebroid then, for any a
where R is the curvature of the Levi-Civita connection ∇. In particular, for ǫ = ±, the restriction of
Proof. According to Bianchi's identity (12)
Now, for any c
In the same way we can show that R(a 
where S * and T * are the dual of S and T given by (4). Moreover, since ρ
for any a, b ∈ Γ(A + ) and u, v ∈ Γ((A + ) * ). 
How to build a para-Kähler
The anchored bracket associated to ∇ is given by
The question now is under which conditions ∇ is Lie-admissible or equivalently [ , ] φ is a Lie bracket. It is a crucial step in our study and we will use Proposition 2.3 to get an answer which will turn out te be very useful, particularly, in the next section. (ii) For any X, Y ∈ Γ(B) and α, β ∈ Γ(B * ),
(iii) For any x ∈ M there exists an open set U containing x and a basis of sections (a 1 , . . . , a n ) of B over U such that, for any
where (α 1 , . . . , α n ) is the dual basis of (a 1 , . . . , a n ) and R ∇ is the curvature of ∇.
Proof. It is a consequence of Proposition 2.3 and the facts that
for any X, Y ∈ Γ(B) and α, β ∈ Γ(B * ). Thus we get the following result. A subtlety of compatible left symmetric algebroids. The compatibility between two left symmetric algebroids has a subtle property we will point out now. Let (B, M, ρ 0 , S ) and (B * , M, ρ 1 , T ) be two left symmetric algebroid structures. They are compatible if (17) holds. Note first that, for any X, Y ∈ Γ(B) and α, β ∈ Γ(B * ),
On the other hand, the equation (17) is not tensorial and it is equivalent to the vanishing of the Jacobiator of the bracket [ , ] φ given by (16 
Then τ [ , ] φ = 0 if and only if the tensor field τ S ,T ∈ Γ(B * ⊗ B ⊗ T M) vanishes. By using Bianchi's identity, we get for any X, Y ∈ Γ(B) and α, β ∈ Γ(B * ),
Thus if τ S ,T vanishes then ρ 0 ⊕ ρ 1 is a Lie algebras homomorphism and hence ρ 0 ⊕ ρ 1 (J [ , ] φ ) = 0. So we get from Bianchi's identity that
So we get the following proposition. 
The general case of (iii) in the proposition above will be studied in the next section devoted to the notion of exact para-Kähler Lie algebroids which generalizes the notion of exact para-Kähler Lie algebras introduced in [2] and studied in more details in [4] .
It is important to point out that two compatible left symmetric algebroids give rise to a symmetric bivector field and a Poisson structure on the underlying manifold. Indeed, if (B, M, S , ρ 0 ) and (B * , M, T, ρ 1 ) are two Lie-extendible left symmetric algebroids then (Φ(B), M, ρ 0 ⊕ ρ 1 , Ω 0 ) is a para-Kähler Lie algebroid and hence there exists a symmetric bivector field h and a Poisson tensor π on M given by (7) and (8), respectively. One can see easily that h # , π # : T * M −→ T M associated to h and π are given by 
is a para-Kähler Lie algebra. We denote by [ , ] ⊲ the Lie bracket associated to ∇ 0 . We have 
Exact para-Kähler Lie algebroids
In this section, we introduce the notion of exact para-Kähler Lie algebroids which generalizes exact para-Kähler Lie algebras introduced in [2] and studied in more details in [4] .
Let (A, M, ρ, S ) be a left symmetric algebroid, r ∈ Γ(A ⊗ A) and r = a + s the decomposition of r into skewsymmetric and symmetric part. We denote by r # : A * −→ A the bundle homomorphism given by β(r # (α)) = r(α, β). Put ρ r = ρ • r # and, for any α, β ∈ Γ(A * ) and X ∈ Γ(A),
It is clear that T is a right-anchored product on (A * , M, ρ r ). Let ∇ be the extension of S and T on (Φ(A), M, ρ ⊕ ρ r ) given by (15) . 
Problem 1. Under which conditions on
Remark first that if the curvature of T vanishes then T is Lie-admissible and hence ρ r :
We have ∆(r) ∈ Γ(A ⊗ A ⊗ A) and the equation (25) is tensorial. The following theorem gives an answer to Problem 1. 
Before proving this theorem, let us give some clarifications on (27). First, note that S a and S 2 a are given by
The second point is that the quantity Q X ∆(r)(α, β) is tensorial with respect to α and β, it is not tensorial with respect to X. However, when ρ • ∆(r) = 0 then it becomes tensorial with respect to X and hence the last equation in (27) is tensorial. The proof of Theorem 4.1 is a consequence of the following lemma. 
Proof. Note first that a direct computation using (24) gives, for any X ∈ Γ(A), α ∈ Γ(A * ),
On the other hand, recall from (19) 
So by using (28) we get
and the second relation follows from r = s + a.
Let us compute the curvature of T . Remark first that from (24) we can derive easily that
By using (28) once more, we get
By using the Jacobi identity for X, r # (α), r # (β), we get
T . Now, by using (29) and the fact that the curvature of S vanishes, we get
So we get the lemma. Let (A, M, ρ, S ) be a left symmetric algebroid and r = a + s ∈ Γ(A ⊗ A) satisfying (27). Then (A * , M, ρ r , T ) is a left symmetric algebroid compatible with (A, M, ρ, S ). According to Theorem 3.1, (Φ(A), M, ρ ⊕ ρ r ) carries a para-Kähler Lie algebroid structure which will be called exact. This induces on M a symmetric bivector and a Poisson tensor which, by virtue of (22), are given by
Example 2. Let (A, M, ρ, S ) be a left symmetric algebroid and r = a + s ∈ Γ(A ⊗ A) which is S -parallel, i.e., S r = 0.
Then S a = 0 and it is easy to check that ∆(r) = 0. Thus r satisfies (27).
Para-Kähler Lie algebroids associated to quasi S-matrices
In this section, we study a class of exact para-Kähler Lie algebroids associated to a kind of solutions of (27) we will call quasi S -matrices using the same terminology used in the context of para-Kähler Lie algebras in [4] .
Definition 5.1. A quasi S-matrix of a left symmetric algebroid
In what follows, we focus our attention on the para-Kähler Lie algebroid structure on Φ(A) associated to a quasi S-matrix. We show that the Lie algebroid structure can be described in a precise and simple way. Indeed, let r be a quasi S -matrix. Then, according to Theorem 4.1, the right-anchored product T on A * given by (24) is left symmetric and (Φ(A), [ , ] r , ρ + ρ r , , 0 , K 0 ) is a para-Kähler Lie algebroid, where
We have shown in Example 1 that Φ(A) carries a left symmetric product ∇ 0 and its associated Lie bracket [ , ] ⊲ induces on Φ(A) a para-Kähler Lie algebroid structure. We define a new bracket on Φ(A) by putting 
On the other hand, for any α, β ∈ Γ(A * ),
We can now transport the para-Kähler structure associated to r from (Φ(A), [ , ] r , , 0 , K 0 ) to Φ(A) via ξ and we get the following proposition.
Proposition 5.2. Let (A, M, ρ, S ) be a left symmetric algebroid and r
⊲,r , ρ + 0, , r , K r ) is a para-Kähler Lie algebroid, where
Symmetric quasi S-matrices on affine manifolds and generalized pseudo-Hessian structures
In this section, we study symmetric quasi S-matrices on the left symmetric algebroid (T M, M, Id T M , ∇) associated to an affine manifold (M, ∇). This leads naturally to a new structure we call generalized pseudo-Hessian structure. There are many similarities between Poisson manifolds as a generalization of symplectic manifolds and generalized pseudo-Hessian manifolds as a generalization of pseudo-Hessian manifolds and we show some of these similarities.
Symmetric quasi S-matrices on affine manifolds. Let (M, ∇) be an affine manifold, i.e., a manifold endowed with a torsionless flat connection. Then (T M, M, Id T M , ∇) is a left symmetric algebroid and according to Definition 5.1, a symmetric quasi S-matrix on (T M, M, Id T M , ∇) is a symmetric bivector field h on M such that ∆(h) = 0. Let's study this equation more carefully. We denote by D the right-anchored product on (T * M, M, h # ) associated to h. According to (24), we have for any α, β ∈ Ω 1 (M) and X ∈ X(M),
Proposition 6.1. We have, for any α, β, γ ∈ Ω 1 (M),
and
Proof. Let's compute
By using Theorem 4.1, equation (33) and Proposition 5.2 we get the following theorem. 
In this case,
Moreover, the associated symplectic form Ω 0 is given by
Remark 2. This theorem deserves some comments. Indeed, the theorem asserts that, given an affine manifold (M, ∇) and a symmetric bivector field h satisfying (35), we have: ⊲ vanishes is an easy computation using that ∆(h) = 0. However, one must point out that ∇ 0 is not the Levi-Civita connection ∇ of
) and a straightforward computation gives
With this formula one can check that ∇K h = 0.
We will give now other characterizations of bivector fields satisfying (35).
Proposition 6.2. Let (M, ∇) a manifold endowed with a torsionless connection (we don't need to suppose that ∇ is flat). Le h be a symmetric bivector field on M. For any f
Then the following assertions are equivalent.
For any x ∈ M, there exists a coordinates system (x 1 , . . . , x n ) around x such that for any 1 ≤ k ≤ n and
Proof. We have
This relation and the fact that (35) is tensorial permit to prove the proposition.
Remark 3. Let (M, ∇) as in Proposition 6.2 and h satisfying (35). By using (iii) of Proposition 6.2, we get for any
So the triple product {., ., .} : Generalized pseudo-Hessian manifolds. We will show now that the triple (M, ∇, h) satisfying (35) are a generalization of a well-known structure, namely, a pseudo-Hessian structure. Recall that a pseudo-Hessian manifold (see [18] ) is a triple (M, ∇, g) where ∇ is a flat torsionless connection and g is a pseudo-Riemannian metric is given locally by g = ∇dφ where φ is a local function. This is equivalent to S := ∇g is totally symmetric, i.e., (∇, g) satisfying the Codazzi equation
If we put h = g −1 and take X = X v , Y = X v and Z = X w with u, v, w ∈ C ∞ (M), on can see easily that this equation is equivalent to ∇ X u X w (v) = ∇ X v X w (u) and hence, by virtue of Proposition 6.2, g satisfies Codazzi equation if and only if g −1 satisfies (35). There is a subclass of the class of pseudo-Hessian manifolds, namely, the subclass of affine special real manifolds which appeared in physics. A pseudo-Hessian manifold (M, ∇, g) is called affine special real manifold if, in addition, S is parallel. In [1] , this subclass has been studied in detail and, in particular, the r-map which associate to any pseudo-Hessian manifold (M, ∇, g) a natural pseudo-Kählerian structure on T M has been scrutinized. By virtue of what above, the following definition is natural. 
where (h i j ) is the inverse of the matrix The following proposition is a generalization of Lemma 2.1 in [13] . The proof we give here is different. This implies that h # (dy i ) = 0 for i = 1, . . . , n − r. Note first that, for any i, j, k = 1, . . . , n, ≺ ∇ * ∂ x k dx j , ∂ x j ≻= 0 and hence from (32), . We consider σ = r j=1 z j dx j . We have d F σ = 0 so, according to the foliated Poincaré Lemma (see [16] pp. 56), there exists a function f such that h i j = ∂ 2 f ∂x i ∂x j , which completes the proof.
Remark 4. It is important to generalize the theorem above near a singular point. The authors have no ideas how to do it and left the problem open.
Linear generalized pseudo-Hessian structures
In this section, we will pursue the study of similarities between pseudo-Hessian manifold and Poisson manifolds. Namely, we will show that the dual of any commutative and associative algebra carries a canonical pseudo-Hessian structure and we will study these structures in detail.
Let (M, ∇, h) be a generalized pseudo-Hessian manifold. Let x ∈ M and denote by g x = ker h # (x). Let D be the right-anchored product associated to h given by (32). According to (34), for any α, β ∈ Ω (g x , . ) is a commutative associative algebra.
